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193. 


ON RODRIGUES’ METHOD FOR THE ATTRACTION OF 
ELLIPSOIDS. 


[From the Quarterly Mathematical Journal, vol. 11. (1858), pp. 333—337.] 


THE following is in substance the method given in the “Mémoire sur l'attraction 
des Spheroides,” par M. Rodrigues, Corresp. sur Ecole Polyt, t. 1. pp. 361—385 
(1815). It will be seen that the method is very similar to that given two years before 
by Gauss, see my paper “On Gauss’ Method for the Attraction of Ellipsoids,’ Journal, 
t. I. pp. 162—166 [164]: the solution in fact depends upon the geometrical theorem 
therein quoted, viz. if M be any point, P a point of a closed surface, PQ the normal 
(lying outside the surface) at the point P, dS the element of the surface at that 
point, and if MQ denotes the angle MPQ and MP the distance of the points M and P, 
then, theorem, the integral 

| dS cos MQ 
MP? 

has for its value 
0, — 2r or — 4r 


according as M is exterior to, upon, or interior to the surface. 


Suppose that M is the attracted point and taking A, B, C for the semiaxes of 
the surface of the attracting ellipsoid, or, if we please, for any semiaxes of an arbitrary 
ellipsoidal surface confocal with the surface of the attracting ellipsoid, let P be a 
point on the surface of the interior similar ellipsoid whose semiaxes are r4, rB, rO. 
The coordinates of M are taken to be a, b, c, and those of P are taken to be a, y, z, 
and the value of the potential is 

_ fam 
=| ap 


where dm is the element of mass. 
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We may write 


a=rAf€, 
y =rBn, 
g= fl 


and then & 7, € will be the coordinates of a point P’ on the surface of a sphere, 
radius unity, corresponding in a definite manner to the point P on the surface of the 
internal similar ellipsoid. And if do be the element of the spherical surface, then we 
have 


dm = ABCr*drde, 


and therefore 
V- arida. 
ABC J MP ’ 
where, in order to obtain the value of the potential V for the ellipsoid whose semi- 


axes are A, B, C, the integrations must be extended over the spherical surface and 
from r=0 to r=1. 


Suppose that dS is the element of the internal similar surface at P, and let p 
be the perpendicular from the centre upon the tangent plane at P, we have 


Let P, be the point on the ellipsoid (A, B, O) similarly situated to the point 
P on the ellipsoid (rA, rB, rC); the coordinates of P, are AE, Bn, Cf; and if p 
be the perpendicular from the centre upon the tangent plane at P,, then p=rpy, 
and the preceding equation becomes 


r? ABC 


Po 


dS = do. 


Imagine now an ellipsoidal surface confocal with the surface (A, B, C) and having 
for its semiaxes 


A+6A, B+6B, C+8C, 


and let P,’ be the point on this surface which corresponds with the point P, on the 
surface (A, B, C); that is, let P,’ be the point whose coordinates are 


(A+64)&, (B+6B)n, (C+8C) 6; 
and let P’ be in like manner the point whose coordinates are 
r(A+6A)&, r(B+6B)n, r(C+80)¢; 
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the points P, P’ will be in like manner corresponding points on the surface 
(rA, rB, rO) and on the confocal surface {r(A +84), r(B+6B), r(C+60)}; and if the 
normal distance at the point P, of the first two surfaces is 6N, then the normal 
distance at the point P of the second two surfaces will be r5N. The decrement of 
MP will be equal to the normal distance rSN of the two surfaces at the point P 
multiplied into the cosine of the angle MQ, and we have, by a property of confocal 
surfaces, 


ASA = BSB = CÒC = p,dN = (suppose) 480, 


we have therefore 


Hence from the equation 


ae 
107 r 
We deduce 
Faea 4760 cos MQ 
ò ABC = | rdrda PF MP > 
But we have 
redo _ d8 
A% zs 
and the equation thus becomes 
=i | vil oe cos cos g 
ABC BC 3 


It may be proper to remark here by way of recapitulation that the course of the 
investigation has been as follows: viz. that, with a view to obtaining the potential V 
of an attracting ellipsoid, we have found the increment of. aa in passing from the 
ellipsoidal surface (A, B, C) to the ellipsoidal surface (A +84, B+6B, C+8C), each of 
them confocal with the surface of the attracting ellipsoid; and that for finding such 
increment we have had to consider the two surfaces (rA, rB, rO) and {r(A +6A) 
r(B+6B), r(C+68C)} confocal to each other and respectively similar to the first- 
mentioned two surfaces. 


Resuming the formula just obtained, the integral with respect to dS is taken 
over the entire surface of the internal similar ellipsoid (rA, rB, rC), and if the 
attracted point M is external to the ellipsoid (A, B, C) it will be external to the 
interior similar ellipsoid (rA, rB, rO): hence in this case the double integral vanishes 
for all values of r, or we have 

K 


SABOTH 
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that is the function V+ ABỌ, which represents the ratio of the potential to the mass, 
is not altered in passing from the ellipsoid (A, B, C) to the confocal ellipsoid 


(A+8A, B+8B, C+80), 


or, what is the same thing, the potentials (and therefore the attractions) of confocal 
ellipsoids upon the same external point are proportional to their masses; this is in 
fact Maclaurin’s theorem for the attraction of ellipsoids upon an external point. 


But if the attracted point M is interior to the ellipsoid (A, B, C), then writing 


where 7’ is less than unity, the double integral is =0 from r=0 to r=r and is 
=— 4r from r=7" to r=1, and we have 


2750 
51507 - Fe, pdr 
1750 
me Tuo wa) 
TOO 8B Ce 
= Golateten}) 


that is, the right-hand side of the equation is the increment (or taken with its sign 
reversed so as to be positive, it is the decrement) of the function V- ABC in passing 
from the ellipsoid (A, B, C) to the confocal ellipsoid 


(A+68A, B+8B, C+80), 
where 
480 = ASA = BSB = CSC. 


The preceding formula gives at once the potential for an interior point; in fact 
taking a, 8, y for the semiaxes of the ellipsoid and writing 


AA=@2+0, B=6+0, C=7+4+8, 


and using the ordinary symbol d instead of ô, we have 


a TD EDGE EDS OG Ea | at b ia -1} 
dO y{(@+ 0) (8+0) (+0 Vie + o) (e+ + 0) eo + +0 +0 ‘ 


and integrating from @=0 to 0=%, we have 


V dé a? b2 Ce 
w= |, V{(@ + 0) (B+ 0) (7? + 4)} a er eee 
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where V is now the potential for the ellipsoid whose semiaxes are a, 8, y; and we 
have therefore 


w dé a? b? Ce 
Va — web” EET OGD) ere Reet pre 


To find the potential for an external point it is only necessary to remark that 
by the theorem above demonstrated V+aSy is equal to the corresponding function 
for the confocal ellipsoid through the attracted point, that is for the ellipsoid whose 
semiaxes are /(a?+06,), /(B?+9,), (Y? +0), where 0, is a positive quantity such that 


wo p2 c 
ET ETT A 


hence in the value of V +aßy we have only to write the above values in the place 
of a, 8, y; and if we then write 0—0, in the place of @ the limits will be œ, 0, 
and the expression for the potential is 
y dé a? b c? 
V=-raby | EFEN FO Fe es alr ai 


this completes the investigation. 
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